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Superpotentials offer a direct means of calculating conserved charges associated with
the asymptotic symmetries of space-time. Yet superpotentials have been plagued
with inconsistencies, resulting in nonphysical or incongruent values for the mass,
angular momentum and energy loss due to radiation. The approach of Regge and
Teitelboim, aimed at a clear Hamiltonian formulation with a boundary, and its ex-
tension to the Lagrangian formulation by Julia and Silva have resolved these issues,
and have resulted in a consistent, well-defined and unique variational equation for the
superpotential, thereby placing it on a firm footing. A hallmark solution of this equa-
tion is the KBL superpotential obtained from the first-order Lovelock Lagrangian.
Nevertheless, here we show that these formulations are still insufficient for Lovelock
Lagrangians of higher orders. We present a paradox, whereby the choice of fields
affects the superpotential for equivalent on-shell dynamics. We offer two solutions
to this paradox: either the original Lagrangian must be effectively renormalized,
or that boundary conditions must be imposed, so that space-time be asymptoti-
cally maximally symmetric. Non-metricity is central to this paradox, and we show
how quadratic non-metricity in the bulk of space-time contributes to the conserved
charges on the boundary, where it vanishes identically. This is a realization of the
gravitational Higgs mechanism, proposed by Percacci, where the non-metricity is the
analogue of the Goldstone boson.
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I. INTRODUCTION
A space-time with the most general distribution of matter and energy is a space-time for
which it is, a priori, impossible to define globally conserved charges1,2. However, when the
sources of gravity are isolated and localized to a specific region in space-time, one may, if
sufficiently far away from the sources, define unique integration at infinity to obtain values
for the globally conserved mass or energy, angular momentum or energy flux (in the case of
isolated sources of gravitational radiation). This is the working premise behind the use of
superpotentials to calculate conserved charges3,4. They are directly related to the differential
conservation laws associated with the asymptotic symmetries of space-time. Integrated on
the relevant slice at the appropriate infinity, superpotentials can provide the mass of an
isolated source of gravity, its angular momentum or, if it is radiating, its energy loss.
For decades superpotentials were plagued with inconsistencies and were a key source of
problems in gravitational theory, the most striking of which were their non-covariance and
their non-uniqueness4. Non-covariance implies that charges depend on a specific choice of
coordinate frames, in clear violation of the principle of covariance, which is a corner stone
of general relativity (GR). Non-uniqueness implies two deficiencies: the first, that the same
action could produce different superpotentials; and the second, that different superpotentials
had to be constructed for different space-time geometries. While a specific superpotential
would yield the expected result for one type of charge for a given geometry, it would give
the wrong result when evaluated for a different charge. The pathologies5 and the famous
“factor 2” problem6 of the Komar superpotential7 are just one such example. The literature
on this subject is quite vast, and no single work encompasses all the different currents and
superpotentials which have been devised to solve specific problems. A recent review by
Szabados8 contains many examples, but is not exhaustive. See also extensive bibliography
in a recent series of publications by Lompay and Petrov9,10.
These inconsistencies with the general principles of GR implied there was something
inherently wrong with the way these conserved charges were defined and calculated, and
with superpotentials in particular. It was unclear whether a single superpotential could be
formulated which would work for all geometries of isolated sources of gravity, until in 1985
Katz proposed what would become known as the KBL superpotential6,11.
This superpotential was shown to solve these two problems by introducing a background
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space-time to solve the problem of non-covariance and by implementing a well-defined vari-
ational principle to solve the problem of non-uniqueness12.
The background in this approach is fixed and used only on the boundary of space-time to
eliminate the degeneracy in the choice of a coordinate system, which produces non-physical
infinities. The removal of the background quantity in the integration has a similar effect to
that of renormalization in quantum field theory (QFT).
The problem of non-uniqueness is partially solved simply by the fact that for any known
geometry of isolated sources of gravity, whether at spatial or null infinity, whether in N = 4
or more dimensions, the KBL superpotential provides the correct mass, angular momentum
or radiative energy loss. In the original paper6, it was shown to give the correct Bondi mass
loss13 in four dimensions, and more recently, in five dimensions as well14. It is the only
superpotential which possesses all the following properties. It is generally covariant and can
be computed in any coordinate system. In Cartesian coordinates of an asymptotically flat
space-time it gives the ADM mass formula15 and in asymptotically anti-de Sitter space-times
it gives the AD mass16. It gives the mass and angular momentum as well as the Brown and
Henneaux conformal charges17 with the right normalization in any dimension, N ≥ 3. It can
also be used for any Killing vector field of the background. It reproduces the Penrose mass18,
the Penrose linear momentum18, the Sachs linear momentum flux19 and the Penrose20 and
Dray and Streubel21 angular momentum at null infinity. In addition to these, it gives the
mass of a Kerr black hole in an anti-de Sitter background in N dimensions22. In summary,
it requires no amendment nor any additional artificial terms for specific geometries.
That is only one part of the uniqueness question. The other part is fulfilled by the im-
plementation of the Regge-Teitelboim approach, originally developed for the well-posedness
of the gravitational Hamiltonian in the presence of boundaries12. Julia and Silva were the
first to implement this approach in the Lagrangian formulation by providing a uniqueness
criterion23–26. This criterion amounts to a variational differential equation that determines
the variation of the superpotential via variational derivatives, and which stems from the
physical requirement that the divergence terms, present in the variation of the conserved
current, vanish on the boundary. Coupled with appropriate boundary conditions at spatial
infinity, it reproduced the KBL superpotential for the first-order Lovelock action26. The ar-
bitrariness of divergence terms that could be added to the action is removed, since variational
derivatives are immune to such additions.
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In that paper and throughout their work, Julia and Silva worked within the metric-affine
or general linear, GL (N,R), formulation of relativity27. This is the most general first-order
formulation of gravity, in which the variations of the fields and the field equations contain
at most first-order derivatives of the fields / parameters. This feature of the GL (N,R)
formulation makes it so effectively simple to handle. We extended their criterion to the
Palatini formulation28, and provided an extension of their equation for the case where field
equations were still first-order, but the variations contained second-order derivatives of the
symmetry parameter, which was now reduced only to diffeomorphism invariance.
In our previous studies14,28 we solved the equations in both formulations for the first and
second-order Lovelock Lagrangians. In the former case, both solutions reproduced the KBL
superpotential exactly. However, starting with the second-order Lovelock Lagrangian, the
solutions diverge. In this paper, we compare the results of both the GL (N,R) and the
Palatini formulations and their respective equations, and explore this profound difference.
We find that even though they stem from the same uniqueness criterion, and are derived
from equivalent currents and subjected to equivalent boundary conditions (save for gauge
fixing and symmetry breaking) with the same on-shell dynamics, the superpotentials
depend on the representation of the theory. That is, the representation - the choice of
dynamic fields and their associated symmetries - has a direct measurable effect on the
physical charge that is calculated at the boundary. In this sense we say that generalized
covariance is broken. Further still, if we choose to maintain generalized covariance, then
this imposes new conditions: either we must renormalize the Palatini Lagrangian by adding
to it a new Lagrangian density, which artificially removes the difference, or we must impose
constraints on the asymptotic structure of space-time.
We show that the non-metricity tensor plays a key role in this discrepancy, even though
it and its higher derivative terms vanish on the boundary. We construct different actions,
both parity-preserving and parity-violating, which contain explicit quadratic non-metricity.
The vanishing of non-metricity on the boundary and its dynamical effect on curvature is
reminiscent of the gravitational Higgs mechanism29, proposed by Percacci in the mid-1980’s.
We examine the contribution of non-metricity to the conserved charges on the boundary,
showing that non-metricity can be utilized to test the possible breaking of parity, by its
global and measurable effects at the boundary. We tie together the effects of quadratic non-
metricity with the surface term, proposed by Obukhov30 for manifolds with a boundary,
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by showing that the renormalized first-order Lovelock Lagrangian fixes the variation of the
boundary term.
In Sec. II we briefly outline the elements of the metric-affine formulation, the Palatini
formulation, the work of Julia and Silva and the extension of their equations to second-
order derivatives of the symmetry parameter. In Sec. III we solve both sets of equations for
each formulation of GR, and show how the superpotentials differ for higher-order curvature
terms. In Sec. IV we show how to renormalize Lovelock Lagrangians, and provide numerous
examples of Lagrangian densities that couple non-metricity to the curvature which can
generate superpotentials. As an example application, a parity-violating Lagrangian density
is shown to induce a superpotential in a maximally symmetric background. The conserved
charges are calculated for an asymptotically Kerr-AdS metric in four dimensions31 and a
gravo-magnetic analogue based on the Taub-NUT solution in four dimensions32. Finally,
section V discusses and summarizes the source of the difference.
II. ELEMENTS
Superpotentials constructed by the standard Noether method (such as the Komar
superpotential4,7,33) lack uniqueness. Any divergence that may be added to the Lagrangian
density can affect the final outcome, while the dynamics are unaltered. In fact, it was just
such a divergence that was added in the original derivation of the KBL superpotential6,11.
In a series of papers, Julia and Silva23–26 studied covariant phase space methods, and real-
ized that the superpotential could be constructed out of variational derivatives, making it
invariant to these divergences. In this way the physical charge associated with symmetries
of the action could be unambiguously defined on the boundary.
As they argue themselves, their method is nothing more than a generalization to the
Lagrangian formulation of the work of Regge and Teitelboim12, which was originally pro-
posed to make the Hamiltonian formulation well-defined when boundaries were present.
Intuitively14, the variation of the Hamiltonian should have no boundary terms by analogy
with classical mechanics. For a more complete treatment of this matter the reader is advised
to revisit14 and references therein.
Their original prescription26 applies to an entirely first-order theory, in the sense that:
• variational derivatives depend at most on first-order derivatives of the field compo-
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nents;
• variations of these field components with respect to the symmetry parameters (so-
called variational symmetries) must also contain at most first-order derivatives of the
fields and the symmetry parameters.
These two conditions are met in the most general first-order formulation of Einstein’s
theory, the so-called metric-affine gravity, or GL (N,R) formulation. In fact, both conditions
are satisfied by all Lovelock Lagrangians within this formulation. This very fact provides the
motivation to use this formulation over other formulations, such as the Palatini formulation,
in which the second condition is not met, or the original metric formulation in which the
first condition is not satisfied.
The basics are presented below in the language of components, which facilitates the
comparison of the results of the GL (N,R) and the Palatini formulations.
A. Elements of the GL (N,R) formulation
In the GL (N,R) formulation the dynamic fields are the fibre metric γab, the non-
coordinate base (or soldering form) θaµ, and the spin connection, ω
a
µ b. They are taken
to be independent of each other. The θaµ’s are assumed invertible, obeying
θaµ (x) θ
µ
b (x) = δ
a
b and θ
µ
a (x) θ
a
ν (x) = δ
µ
ν . (1)
The fibre metric is related to the space-time metric via
γab = θaαθ
b
βg
αβ. (2)
The first and second-order actions are given by
In
[
γab, θaµ, ω
a
µ b
]
= αn
∫
M
Lˆn dV, n = 1, 2 (3)
where M is the N -dimensional physical space-time with boundary ∂M, a caret denotes
a density of weight +1, and Lˆ1, Lˆ2 are the first and second-order Lovelock Lagrangian
densities:
Lˆ1 =
1
2
√
|γ|γcbθµνacB
a
bµν ; Lˆ2 =
1
4
√
|γ|γmbγndθµνρσamcnB
a
bµνB
c
dρσ, (4)
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with
θµνab = −
(−1)N
(N − 2)!
ǫaba1...aN−2ǫ
µνα1...αN−2θa1α1θ
a2
α2
· · · θaN−2 αN−2 ; (5)
θκλµνabcd = −
(−1)N
(N − 4)!
ǫabcda1...aN−4ǫ
κλµνα1...αN−4θa1α1θ
a2
α2
· · · θaN−4 αN−4 . (6)
The physical units are preserved in the coefficients αn. Lower case Latin indices, a, b,...,
denote group indices, while Greek indices, µ, ν,..., denote space-time indices. ǫa1a2...aN is the
totally anti-symmetric tensor with ǫ12···N = +1. The Riemann curvature tensor is a function
of the spin connection and its first-order derivatives:
Babµν [ω] = 2∂[µω
a
ν] b + 2ω
a
[µ| cω
c
|ν] b. (7)
Square brackets denote antisymmetrization, as X[µν] ≡
1
2
(Xµν − Xνµ). We assume at the
outset the vanishing of torsion, which is given by
∇[κ θ
a
λ] = 0 or Γ
λ
[µν] = 0 : torsion-free condition, (8)
where, in going from the first to the second equation in (8) we have implicitly assumed the
vielbein postulate. This postulate relates the spin connection to the affine connection, Γλµν ,
via
ω aµ b = θ
λ
b
(
θaνΓ
ν
µλ − ∂µθ
a
λ
)
= θaλDµθ
λ
b , (9)
where Dµ is the covariant derivative with respect to Γ
λ
µν acting on space-time indices, e.g.
DµV
λ
b = ∂µV
λ
b + Γ
λ
µνV
ν
b , DµV
b
λ = ∂µV
b
λ − Γ
ν
µλV
b
ν , etc. (10)
We must stress here that we shall use (9) explicitly only on the boundary when breaking
symmetry by going from GL (N,R) to Palatini (see more in section II.D). From eqs. (7) and
(9) it further follows that
Babµν [ω] = θ
a
ρθ
σ
b B
ρ
σµν [Γ] (11)
with
Bρσµν [Γ] = 2∂[µΓ
ρ
ν]σ + 2Γ
ρ
[µ|λΓ
λ
|ν]σ. (12)
∇κ is the covariant derivative with respect to spin connection acting on the group indices,
e.g.
∇κθ
a
λ = ∂κθ
a
λ + ω
a
κ bθ
b
λ, ∇κθ
λ
a = ∂κθ
λ
a − ω
b
κ aθ
λ
b , etc. (13)
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The variational derivatives of Lˆ1 and Lˆ2 are given by
1√
|γ|
δLˆ1
δθeη
=
1
2
γcbθµνηace B
a
bµν = θ
η
e L1 + θ
ηµ
ab θ
ν
e B
ab
µν ; (14)
1√
|γ|
δLˆ1
δγpq
= −
1
2
γpqL1 +
1
2
θµνac δ
c
(p δ
b
q)B
a
bµν ; (15)
δLˆ1
δω aλ b
= −θκλac∇κ
(√
|γ|γbc
)
, (16)
and
1√
|γ|
δLˆ2
δθeη
≡ L ηe =
1
4
θκλµνηabcde B
ab
κλB
cd
µν = θ
η
e L2 − θ
κ
e θ
ηλµν
abcd B
ab
κλB
cd
µν ; (17)
1√
|γ|
δLˆ2
δγpq
≡ Lpq = −
1
2
γpqL2 +
1
2
θκλµνabcd δ
b
(p δ
m
q)B
a
mκλB
cd
µν ; (18)
δLˆ2
δω aλ b
≡ Lˆλ ba = −∇κ
(√
|γ|γbmγdn
)
θκλµνamcnB
c
dµν , (19)
respectively. The torsion-free condition, eq. (8), was used to eliminate torsion terms in the
right hand-side of eqs. (16) and (19). These variational derivatives obey the generalized
Bianchi identity (also known as the 2nd Noether identity27):
∇λ
(
δLˆ
δω aλ b
)
+ θbη
δLˆ
δθaη
+ 2γbc
δLˆ
δγac
= 0 for N ≥ 4. (20)
B. Elements of the Palatini formulation
In the Palatini formulation there are just two dynamic independent fields: the space-time
metric gµν and the symmetric affine connection Γλµν . The actions are given by
In
[
gµν ,Γλµν
]
= αn
∫
M
LˆPn dV, (21)
with
LˆP1 =
1
2
δµναβ gˆ
βκBακµν ; Lˆ
P
2 =
1
4
δµνρσαβγδ gˆ
βκgδλBακµνB
γ
λρσ, (22)
where
δµναβ ≡ δ
µ
αδ
ν
β − δ
µ
βδ
ν
α, (23)
and
δµνρσαβγδ ≡ δ
µν
αβδ
ρσ
γδ − δ
µρ
αβδ
νσ
γδ + δ
µσ
αβδ
νρ
γδ + δ
ρσ
αβδ
µν
γδ − δ
νσ
αβδ
µρ
γδ + δ
νρ
αβδ
µσ
γδ . (24)
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The superscript P denotes Palatini and may appear as a subscript or in parenthesis for
clarity, and may be omitted where the context is clear. The variational derivatives of LˆP1
are given by
1√
|g|
δLˆP1
δgµν
= −
1
2
gµνL
P
1 − B
α
(µν)α;
δLˆP1
δΓαµν
= Dκ
(
gˆβ(µ
)
δ
ν)κ
αβ . (25)
The variational derivative of LˆP2 with respect to the metric is given by
1√
|g|
δLˆP2
δgρσ
≡ Lρσ = −
1
2
gρσL
P
2 +
1
2
δκλµναβγδδ
β
(ρ δ
η
σ)B
α
ηκλB
γδ
µν . (26)
Note that the second term on the r.h.s. of eq. (26) can be expressed as the sum of the
symmetric and antisymmetric parts of B:
1
2
δκλµναβγδδ
β
(ρ δ
η
σ)B
α
ηκλB
γδ
µν =
1
2
δκλµναβγδδ
β
(ρgσ)ηB
[αη]
κλB
γδ
µν +
1
2
δκλµναβγδδ
β
(ρgσ)ηB
(αη)
κλB
γδ
µν . (27)
This way we can rewrite eq. (27) to draw out the dynamical dependence on the non-metricity,
Q αβµ ≡ Dµg
αβ, which is contained inside Lρσ. Since
B
(αβ)
κλ = D[κDλ]g
αβ ≡ D[κλ]g
αβ = D[κQ
αβ
λ] , (28)
we find
Lρσ = −
1
2
gρσL
P
2 +
1
2
δκλµναβγδδ
β
(ρ gσ)ηB
[αη]
κλB
γδ
µν +
1
2
δκλµναβγδδ
β
(ρgσ)ηB
γδ
µνDκQ
αη
λ . (29)
The variational derivative with respect to the affine connection is given by
δLˆP2
δΓλρσ
≡ Lˆ ρσλ = Dκ
(
gˆδηgβ(ρ
)
δ
σ)κµν
λβγδ B
γ
ηµν . (30)
More explicit expressions of eqs. (26) and (30) may be found in our previous work28. Torsion
was eliminated from the r.h.s. of eq. (30). Note that eqs. (26) and (30) do not contain deriva-
tives of the curvature tensor, which is a property shared by all Lovelock Lagrangians by virtue
of the cyclic null property of the curvature tensor in the absence of torsion, D(ρ|B
κ
λ|µν) = 0,
where (ρµν) ≡ 1
3
(ρµν + µνρ+ νρµ) is a cyclic permutation of the indices. In section IV
we shall introduce a new family of (parity-preserving) Lagrangians that also shares this
property.
We emphasize that in general, Q αβµ 6= 0 and ∇µγ
ab 6= 0 off-shell in the Palatini and the
general linear formulation respectively. The independence of the metric and the connection,
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and consequently the presence of non-metricity in the bulk are necessary to preserve the first
condition, namely that the equations of motion contain no higher than first-order derivatives
of the fields. It follows that in N = 4 dimensions we have a non-vanishing contribution from
eq. (20)
δLˆP2
δgρσ
= gˆη(ρ δ
β
σ)δ
κλµν
αβγδB
γδ
κλB
(αη)
µν . (31)
This leads to the generalized Bach-Lanczos identity27. In the absence of torsion, and with
a metric-compatible connection, i.e. Q αβµ = 0, Lˆ1 and Lˆ2 are the usual Einstein-Hilbert
Lagrangian density LˆEH [gµν ] and the Gauss-Bonnet term LˆGB [gµν ] respectively. In this
case the Riemann tensor Bκλµν reduces to R
κ
λµν with the additional symmetries:
Rκλµν = Rµνκλ and R(κλ)µν = 0. (32)
It must be emphasized that this reduction occurs only on the boundary at infinity, i.e.
Bκλµν
∣∣
∂M
= Rκλµν .
C. Symmetries
The GL (N,R) theory, eqs. (3)-(6), is invariant under three gauge symmetries26:
1. Local “frame choice” freedom, parameterised by an arbitrary infinitesimal local matrix
of gl(N,R), λab = λ
a
b (x):
δλθ
a
µ = λ
a
bθ
b
µ, δλγ
ab = 2λ(acγ
b)c, δλω
a
µ b = −∇µλ
a
b. (33)
2. Local diffeomorphism, parameterised by an arbitrary infinitesimal vector field, ξρ =
ξρ (x):
δξθ
a
µ = ξ
ν∂νθ
a
µ + θ
a
ν∂µξ
ν , δξγ
ab = ξµ∂µγ
ab, δξω
a
µ b = ξ
ν∂νω
a
µ b + ω
a
ν b∂µξ
ν . (34)
3. Projective symmetry, parameterised by an arbitrary infinitesimal vector field κµ =
κµ (x):
δκθ
a
µ = 0, δκγ
ab = 0 and δκω
a
µ b = κµδ
a
b . (35)
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Equations (33) - (35) may be expressed succinctly as
δxyA = ΛAΦx
Φ + ΛµAΦ∂µx
Φ with xΦ = {ξρ, κµ, λ
a
b} and yA =
{
γab, θaµ, ω
a
µ b
}
, (36)
where yA enumerate collectively the dynamic fields and their respective indices, while x
Φ
stands for the symmetry parameters, and capital Greek letters denote their respective in-
dices. Observe that the variations (36) contain only first-order derivatives of yA’s in Λ’s.
The Palatini formulation, eqs. (21) - (24), is invariant under local diffeomorphism, in
which case
£ξg
µν = ξρ∂ρg
µν − 2gρ(µ∂ρξ
ν); (37)
£ξΓ
λ
µν = ξ
ρ∂ρΓ
λ
µν +
(
2δρ(µΓ
λ
ν)κ − δ
λ
κΓ
ρ
µν
)
∂ρξ
κ + ∂µ∂νξ
λ, (38)
where £ξ is the Lie derivative operator along ξ
µ. In a similar vein to eq. (36), we express
eqs. (37) - (38) collectively as
£ξyA = ΛAρξ
ρ + ΛµAρ∂µξ
ρ + ΛµνAρ∂µνξ
ρ with yA =
{
gµν ,Γλµν
}
. (39)
Note that the Λ’s contain the fields and their first-order derivatives, but that a second-order
derivative of ξρ appears in eq. (39), which does not appear in eq. (36).
D. Irreversibility of Transformations and Field Equations
The GL(N,R) and Palatini formulations are not interchangeable. One cannot pass back
and forth from a space-time, described by the trio {γab, θaµ, ω
a
µ b} to a space-time described by
the duo {gµν ,Γλµν}, because the transformation is irreversible. The GL(N,R) formulation
is endowed with greater structure and symmetry, and in order to go from it to the Palatini
formulation one has to break the symmetry by making the canonical (metric) choice on the
non-coordinate base:
θaµ
∣∣
∂M
= δaµ ⇒ (δξ + δλ) θ
a
µ = 0. (40)
This choice is made only at the boundary, ∂M. This gauge freedom is preserved26 by fixing
the residual symmetry by the choice
λab = −θ
µ
b ξ
ν∂νθ
a
µ − θ
µ
b θ
a
ν∂µξ
ν ⇒ λab|∂M = −∂bξ
a. (41)
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It follows that on the boundary
− λab + ξ
νω aν b = θ
µ
b θ
a
νDµξ
ν = θ µb ∇µξ
a. (42)
Even though these formulations are not identical, in many calculations it is implicitly as-
sumed that a result obtained in the more symmetric GL(N,R) formulation (a more com-
putationally convenient setting for some calculations) can be reduced to describe results
obtained in the Palatini formulation once symmetry is broken according to (40) and (41).
This assumption hinges of the dynamics being equal on-shell. Let us explicitly prove
this assertion for the case n = 2. Firstly, we note that by virtue of the vielbein postulate,
eq. (9), Lˆpq = θ
ρ
p θ
σ
q Lˆρσ, so Lˆρσ
∣∣∣
∂M
= 0 implies Lˆpq
∣∣∣
∂M
= 0 and vice versa, without the
need to resort to eq. (40). Secondly, we observe that while Lˆλ ba
∣∣∣
∂M
= 0 and Lˆ
(ρσ)
λ
∣∣∣
∂M
= 0
are very different in general, the requirement that on the boundary the connections are
metric-compatible trivially satisfies both equations. Thirdly, Lˆ ηe depends on ∇λLˆ
λ b
a and
Lˆpq by virtue of identity (20). Since ∇λLˆ
λ b
a ∝ B
(cd)
µν , and Bκλµν
∣∣
∂M
= Rκλµν , it follows that
∇λLˆ
λ b
a
∣∣∣
∂M
= 0, from which Lˆ ηe
∣∣∣
∂M
= 0 provided that Lˆpq
∣∣∣
∂M
= 0. This implies that with
the requirement that ∇λγ
ab
∣∣
∂M
= 0, Lˆ ηe
∣∣∣
∂M
= 0 does not contain new dynamics. More
concretely, L ηe |∂M = 0 in eq. (17) may be rewritten as
θ ηe L2 − θ
κ
e θ
ηλµν
abcd B
ab
κλB
cd
µν = 0. (43)
Multiplying both sides by θfη and using eq. (1), we have
γefL2 − θ
κ
e γfhθ
h
ηθ
ηλµν
abcd B
ab
κλB
cd
µν = 0. (44)
This may be split into the symmetric and antisymmetric parts
γefL2 − θ
κ
(e γ f)hθ
h
ηθ
ηλµν
abcd B
ab
κλB
cd
µν = 0; (45)
θ κ[e γ f ]hθ
h
ηθ
ηλµν
abcd B
ab
κλB
cd
µν = 0. (46)
Since all calculations are done on the boundary, we fix θeη according to eq. (40), and take
Bκλµν
∣∣
∂M
= Rκλµν with the symmetries in eq. (32). We have
gρσL
P
2 − δ
κ
(ρ gσ)ηδ
ηλµν
αβγδR
αβ
κλR
γδ
µν = 0; (47)
δκ[ρ gσ]ηδ
ηλµν
αβγδR
αβ
κλR
γδ
µν = 0. (48)
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The first equation is just Lˆρσ
∣∣∣
∂M
= 0 in disguise. The second is identically zero by virtue
of Dλg
µν |∂M = 0. Q.E.D.
We shall show in the next section that the fact that both formulations have equiv-
alent dynamics is not sufficient for a unique determination of the superpotential for
Lovelock Lagrangians of higher orders, despite their unique part in the Palatini - met-
ric correspondence34.
III. SUPERPOTENTIALS VIA VARIATIONAL DERIVATIVES
In this section we present the main principles behind and the equations for the variation
of the superpotential for the metric-affine theories. A more involved and detailed derivation
was given in previous works14,24–26,28.
A. The superpotential in the general linear formulation
We begin with the following differential identity:
δLˆ = LˆAδyA + ∂ρ
(
∂Lˆ
∂ (∂ρyA)
δyA
)
with LˆA ≡
δLˆ
δyA
. (49)
Eq. (49) defines the variation of the Lagrangian density due to a continuous variation of the
fields δyA and their first-order derivatives. In the case of eq. (36), eq. (49) may be rewritten
as the Noether identity:
LˆAδXyA = ∂ρ
(
ξρLˆ −
∂Lˆ
∂ (∂ρyA)
δXyA
)
, (50)
and
δXyA ≡ δλyA + δκyA + δξyA. (51)
Eq. (50) relates variational derivatives on the left hand-side with other functional derivatives
inside a divergence on the right hand-side. Substituting eq. (36) into both sides of eq. (50),
and taking xΦ → xΦ0 ǫ, we can group both sides by the order of partial derivatives of ǫ as
follows:
ǫXˆ + (∂ρǫ) Wˆ
ρ = ǫ
(
∂ρJˆ
ρ
)
+ (∂ρǫ)
[
Jˆρ + ∂σUˆ
σρ
]
+ (∂ρσǫ) Uˆ
(ρσ), (52)
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where
Xˆ = LˆAΛAΦx
Φ + LˆAΛρAΦ∂ρx
Φ and Wˆ ρ = LˆAΛρAΦx
Φ. (53)
Jˆρ and Uˆρσ are functionals of L and its partial derivatives, and the index 0 has been removed,
since this identity is now valid in general. Comparing both sides of eq. (52), we obtain three
identities:
Xˆ = ∂ρJˆ
ρ, Jˆρ + ∂σUˆ
σρ = Wˆ ρ and Uˆ (ρσ) = 0. (54)
These are known as the Klein identities35. On the boundary, the field equations are satisfied,
LˆA
∣∣∣
∂M
= 0, from which follow ∂ρJˆ
ρ
∣∣∣
∂M
= 0 and Wˆ ρ
∣∣∣
∂M
= 0. The former property
suggests that Jˆρ is the Noether current density, and since the symmetric part of Uˆρσ vanishes
identically, it follows that Jˆρ
∣∣∣
∂M
= ∂σUˆ
[ρσ], from which we deduce that Uˆρσ is the flux or
superpotential. In general, from the second and third identities in eq. (54) we have:
Jˆρ = Wˆ ρ + ∂σUˆ
[ρσ]. (55)
In this form the current is a linear sum of the variational derivatives in Wˆ ρ according to the
second equation in (53). Since these variational derivatives contain no higher than first-order
derivatives of the fields, a variation of eq. (55) yields:
δJˆρ = δWˆ ρ + ∂σδUˆ
ρσ =
δWˆ ρ
δyA
+ ∂σ
(
∂Wˆ ρ
∂ (∂σyA)
δyA + δUˆ
ρσ
)
. (56)
Furthermore, since Xˆ is a divergence, it follows that (see28, eq. (2.23) for more details)
δXˆ
δyA
= 0⇒
∂Wˆ (ρ
∂
(
∂σ)yA
)δyA = 0. (57)
Hence, inside the integral, eq. (56) reads:
δ

∫
M
JˆρdVρ

 = ∫
M
δWˆ ρ
δyA
δyAdVρ +
∫
∂M
(
∂Wˆ [ρ
∂
(
∂σ]yA
)δyA + δUˆρσ
)
dSρσ, (58)
where dVρ is the volume element and dSρσ is the coordinate surface element of a closed
surface S. The variation of the superpotential is obtained from the guiding principle, that
the boundary term in eq. (58) vanish, so that
δUˆρσ
∣∣∣
∂M
= −
∂Wˆ [ρ
∂
(
∂σ]yA
)δyA with yA = {γab, θaµ, ω aµ b} , (59)
14
and
Wˆ ρ = ξa
δLˆ
δθaρ
+
(
−λab + ω
a
µ bξ
µ
) δLˆ
δω aρ b
. (60)
Eqs. (59) and (60) appeared originally in26. The conserved charges that correspond to the
symmetries in eqs. (33)-(35) are given by the surface integral:
C =
∫
S(V )
UˆρσdSρσ. (61)
Eq. (59) is evaluated on the boundary and must be supplemented with boundary conditions.
These are
θaµ
∣∣
∂M
= δaµ,
(
∇µγ
ab
)∣∣
∂M
= 0 and δγab
∣∣
∂M
= 0. (62)
The first condition in eq. (62) breaks the symmetry according to eq. (40), thus recreating
metric GR on the boundary, with vanishing torsion and non-metricity (the second condition).
The third condition in eq. (62) imposes Dirichlet boundary conditions on the fibre metric.
Moreover, in the case of Lovelock Lagrangians, eqs. (3)-(6), the second term in the r.h.s.
of eq. (60) cannot contribute to the superpotential on the boundary, since the variational
derivative with respect to the spin connection, Lˆρ ba , eqs. (16) and (19), differentiated with
respect to the partial derivative of the spin connection, will produce terms which are pro-
portional to the non-metricity. Taking all this into account leaves only the first term in the
r.h.s. of eq. (60), which contributes to the sum in eq. (59):
δUˆρσ
∣∣∣
∂M
= −
∂Wˆ [ρ
∂
(
∂σ]ω
a
µ b
)δω aµ b with Wˆ ρ •= ξa δLˆδθaρ , (63)
where we have defined a useful symbol, A
•
= B, which denotes the relevant part of A is B. It
is eq. (63) that we shall use in this paper. In the case n = 1, eq. (4), differentiating eq. (14)
with respect to ∂σω
a
µ b, and taking the antisymmetric part in ρ and σ, we find
δUˆρσ1 [g,Γ]
∣∣∣
∂M
= −3α1ξ
(ρ δ σλ)µν gˆ
νκδΓµκλ, (64)
where we have used eq. (9). Since the superpotential is evaluated at the boundary, the
factors of δΓµκλ are defined entirely on the boundary
14, so that we may integrate to obtain
1
α1
Uˆρσ1 = −3ξ¯
(ρ δ σλ)µν
¯ˆgνκ∆µκλ, (65)
where, we have introduced the background metric11 g¯µν , and the background affine connec-
tion Γ¯ρµν through
∆ρµν ≡ Γ
ρ
µν − Γ¯
ρ
µν . (66)
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For α1 = c
4/16πG, eq. (65) is the KBL superpotential in disguise28. Similarly, for n = 2 we
find
1
α2
Uˆρσ2 = −ξ¯
ηδρσµνκαβγδη
¯ˆgβλRγδµν∆
α
κλ. (67)
Uˆρσ2 possesses several remarkable properties
14. In particular, it vanishes identically in N = 4
dimensions, which is consistent with the metric formulation, in which case LˆP2 is a pure
divergence in 4 dimensions.
To see this explicitly, note that Rγδµν in eq. (67) is the Riemann curvature tensor of
the background space-time, obeying the symmetries in eq. (32), and as such it may be
decomposed into the irreducible representation, with the associated Weyl tensor, C¯αβγδ,
trace-free Ricci tensor, rαβ ≡ R¯αβ −
1
N
g¯αβR¯, and scalar curvature, R¯, all of which are
background quantities. Thus
Rµνρσ = C¯µνρσ +
2
N − 2
(
g¯µ[ρ rσ]ν − g¯ν[ρ rσ]µ
)
+
2
N (N − 1)
g¯µ[ρ g¯σ]νR¯
≡ Cµνρσ + Eµνρσ +Gµνρσ.
(68)
Substituting eq. (68) into the r.h.s. of eq. (67), we find
1
α2
Uρσ2 = − 9C
(ρσ
(κλ δ
µ)
ν) g¯
νηξκ∆λµη −
9
2
(N − 4)E
(ρσ
(κλ δ
µ)
ν) g¯
νηξ¯κ∆λµη
+
3
2
(N − 3) (N − 4) ξ(µG
ρσ)ν
λ∆
λ
µν .
(69)
The first term is r.h.s. of eq. (69) is the Bach-Lanczos identity, which vanishes in four
dimensions. If space-time is asymptotically maximally symmetric, i.e. Cµνρσ = 0 and
rαβ = 0, then eq. (69) simplifies considerably
14,28 to
Uˆρσ2 =
3α2
2
(N − 3) (N − 4)
¯ˆ
ξ(µG
ρσ)ν
λ∆
λ
µν = 2
α2
α1
(N − 3) (N − 4)
N (N − 1)
R¯Uˆρσ1 . (70)
B. The superpotential in the Palatini formulation
In the Palatini formulation, the only relevant symmetry is diffeomorphism invariance.
Similarly to eq. (50), we have the following differential identity:
LˆAP£ξyA ≡
δLˆP
δyA
£ξyA = ∂ρ
(
LˆP ξ
ρ −
∂LˆP
∂ (∂ρyA)
£ξyA
)
. (71)
We now repeat the same procedure as in eq. (52) with some qualifications. Substituting
eq. (39) into both sides of eq. (71), and taking ξλ → ξλ0 ǫ, we can group both sides by the
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order of partial derivatives of ǫ as follows:
ǫXˆP + (∂ρǫ) Wˆ
ρ
P + (∂ρσǫ) Yˆ
ρσ = ǫ
(
∂ρJˆ
ρ
P
)
+ (∂ρǫ)
[
JˆρP + ∂σuˆ
σρ
]
+ (∂ρσǫ)
[
uˆ(ρσ) + ∂λVˆ
λ(ρσ)
]
+ (∂ηρσǫ) Vˆ
ηρσ,
(72)
where
XˆP ≡ Lˆ
A
PΛAλξ
λ + LˆAPΛ
ρ
Aλ∂ρξ
λ + LˆAPΛ
(ρσ)
Aλ ∂ρσξ
λ; (73)
Wˆ ρP ≡ Lˆ
A
PΛ
ρ
Aλξ
λ + 2LˆAPΛ
(ρσ)
Aλ ∂σξ
λ; (74)
Yˆ ρσ ≡ LˆAPΛ
(ρσ)
Aλ ξ
λ, (75)
and JˆρP , uˆ
ρσ and Vˆ ηρσ are functions of LˆP and its functional derivatives. Eqs. (72)-(75) are
more complicated than eqs. (52)-(53) owing to the second-order derivatives that appear in
eq. (39). The entire derivation is given in28. To make the treatment self-contained, we quote
here the main results. Comparing both sides of eq. (72), we obtain four identities:
∂ρJˆ
ρ
P = XˆP , Wˆ
ρ
P = Jˆ
ρ
P + ∂σuˆ
σρ, Yˆ ρσ = uˆ(ρσ) + ∂λVˆ
λ(ρσ) and Vˆ (λρσ) = 0. (76)
Solving the identities in eq. (76), we find an expression for the current density, JˆρP , in terms
of variational derivatives and their partial derivatives:
JˆρP = Wˆ
ρ
P − ∂σYˆ
ρσ + ∂σUˆ
ρσ
P . (77)
Most substantially, the current manifests explicit dependence on second-order derivatives of
the fields that are contained in the second term, ∂σYˆ
ρσ. This fact implies that the boundary
conditions, eq. (62), that were used to solve eq. (59) in the general linear formulation are
insufficient for the solution of the Palatini problem. The variation of the current yields:
δJˆρP = δWˆ
ρ
P − ∂σδYˆ
ρσ + ∂σδUˆ
ρσ
P . (78)
The variational derivatives of Wˆ ρP and Yˆ
ρσ are calculated, and then expressed via the iden-
tities in terms of uˆρσ and Vˆ λρσ. Use is made of the following identity (see28, eq. (3.20))
∂σλYˆ
λρσ = −
2
3
∂σ
(
∂λYˆ
[ρσ]λ
)
with Yˆ λρσ ≡
∂Yˆ ρσ
∂ (∂λyA)
δyA. (79)
Following the same guiding principle, we find an equation for the variation of the superpo-
tential δUˆρσP by demanding that the boundary terms vanish. The equation reads:
δUˆρσP
∣∣∣
∂M
= −
∂Wˆ
[ρ
P
∂
(
∂σ]yA
)δyA + 2
3
∂λ
(
∂Yˆ λ[ρ
∂
(
∂σ]yA
)δyA
)
with yA =
{
gµν ,Γλµν
}
. (80)
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Here the boundary conditions necessitate not only the vanishing of non-metricity at the
boundary, but also of its variation. The latter is consistent with our requirement for metric-
compatibility (see Appendix for details). We have
Q µνλ |∂M = 0, δQ
µν
λ |∂M = 0 and δg
µν |∂M = 0. (81)
In particular, since
∂λδg
µν = δQ µνλ − 2δg
κ(µΓ
ν)
κλ − 2g
κ(µδΓ
ν)
κλ, (82)
it follows from eq. (81) that on the boundary
(∂λδg
µν)|∂M = −2g
κ(µδ∆
ν)
κλ. (83)
Taking into account the functional dependence of the variational derivative with respect to
Γλµν on Q
µν
λ (see, e.g., eqs. (25) and (30)), and the boundary conditions in eq. (81), after
integration the superpotential becomes:
UˆρσP
∣∣∣
∂M
= −
∂Wˆ
[ρ
P
∂
(
∂σ]Γλµν
)∆λµν − 43 ∂Yˆ
λ[ρ
∂
(
∂σ]gµν
)gκ(µ∆ν)κλ, (84)
where
Wˆ ρP = −2g
ρµξνLˆµν + 2Lˆ
(ρσ)
λ Dσξ
λ − Yˆ µνΓρµν and Yˆ
ρσ = ξλLˆ
(ρσ)
λ . (85)
For LˆP1 we find the KBL superpotential in complete agreement with eq. (65). For Lˆ
P
2 ,
the second equation in eq. (22), we find:
1
α2
Uˆρσ2 (P)
∣∣∣∣
∂M
= −ξ¯ηδρσµνκαβγδηR
γδ
µν
¯ˆgβλ∆ακλ +
2
3
ξ¯αδµνρσαβγδR
γδ
λµ
¯ˆgκ(λ∆β)νκ = Uˆ
ρσ
2 +∆Uˆ
ρσ
2 . (86)
Uˆρσ2 (P) can be expressed as the sum of 33 terms
28. The first term on the r.h.s. of
eq. (86) is the same as Uˆρσ2 in eq. (67), which is the superpotential in the general linear
formulation. Then we have a novelty: the second term, ∆Uˆ
ρσ
2 , which contains 18 additional
terms, cannot be obtained from eq. (63). Although it might not be obvious, all 18 terms
in ∆Uˆ
ρσ
2 actually appear in Uˆ
ρσ
2 , but with different numerical factors
28. It is only after
these terms are isolated, and grouped into a single sum, that their unique distinguishing
symmetry becomes apparent. Namely, Uˆρσ2 is characterised by an asymmetry in β and λ
in ∆βκλ, whereas ∆Uˆ
ρσ
2 is manifestly symmetric under the exchange of those two indices.
We shall show in section IV that this symmetry is linked to the appearance of terms with
explicit non-metricity.
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It is quite remarkable that the scalar curvature is not present in ∆Uρσ2 . Indeed, written
in terms of the irreducible background tensors, it is given by:
1
α2
∆Uρσ2 = 2
(
∆κµν g¯
µ(νC
ρσ)
κλ +∆
(µ
µνC
ρσ)
κλg¯
κν
)
ξ¯λ
+ 2
(
N − 3
N − 2
) rµ(ρ∆σµν ξ¯ν) − rµ(σ∆ρµν ξ¯ν)
−∆λµν
(
g¯µ(ρrσλξ¯
ν) − g¯µ(σrρλξ¯
ν)
)

 . (87)
From eq. (87) it is clear that ∆Uρσ2 has a non-zero contribution to the superpotential in 4
dimensions, but vanishes identically in 3 dimensions. Furthermore, it is evident from eq. (87)
that in order for both formulations to agree exactly, it must follow either that ∆Uˆ
ρσ
2 = 0, or
more generally that
∫
∆Uˆ
ρσ
2 dSρσ = 0. We suspect that the latter induces the former on the
boundary, for ordinary (non-turbulent) flow. In the first case, it follows that Cµνρσ = 0 and
rµν = 0, which means space-time must be asymptotically maximally symmetric.
In the Appendix we show that the conclusions and the results we have reached for n = 2
apply to higher orders.
We note here that caution must be exercised when comparing the solution in eq. (86)
with the equation for the superpotential in eq. (80). The terms that appear with a factor
of 2/3 in eq. (86) do not correspond to the second term in eq. (80), but are obtained from
both terms!
C. The plot thickens: GL(N,R) ⊆ Palatini
We have shown in the previous section that the superpotentials obtained from the general
linear and Palatini formulations differ for n = 2, even though they are obtained from a series
of identities based on the same guiding principle.
Nevertheless, here we show that it is possible to express the Palatini current density JˆρP
in eq. (77) in the case of Lovelock Lagrangians in a way that reproduces the superpotential
of the general linear formulation, eq. (63)!
To this end, we must break the symmetry of Lˆ
(ρσ)
λ in eq. (30). The latter is manifestly
symmetric in ρ and σ, but this symmetry is broken when we apply covariant differentiation
with respect to xσ as follows:
DσLˆ
(ρσ)
λ =
1
2
δρµητλβγδDσ
[
BγκητDµ
(
gˆβσgδκ
)]
+
1
2
δµνητλβγδB
γ
κητDµν
(
gˆβρgδκ
)
≡
1
2
DσLˆ
ρσ
λ +
1
2
DσLˆ
σρ
λ .
(88)
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The first term, 1
2
DσLˆ
ρσ
λ , contains second-order derivatives of Γ
λ
µν and g
µν , while the second
term, 1
2
DσLˆ
σρ
λ , contains only first-order derivatives of the affine connection. Indeed, using
eq. (28), we have
DσLˆ
σρ
λ = δ
µνητ
λβγδB
γ
κητ
(
gˆδκB(βρ)µν + gˆ
βρB(δκ)µν −
1
2
gˆβρgδκBααµν
)
. (89)
Let us examine JˆρP in eq. (77) in greater detail. Substituting Wˆ
ρ
P and Yˆ
ρσ from eq. (85) into
the r.h.s. of eq. (77), we find
JˆρP = −2g
ρµξνLˆµν + 2Lˆ
(ρσ)
λ Dσξ
λ −
(
∂σYˆ
ρσ + Yˆ µνΓρµν
)
+ ∂σUˆ
′ρσ
P (90)
= −2gρµξνLˆµν − 2ξ
λDσLˆ
(ρσ)
λ +DσYˆ
ρσ + ∂σUˆ
′ρσ
P
= −ξν
(
2gρµLˆµν +DσLˆ
σρ
ν
)
− ξλDσLˆ
ρσ
λ +DσYˆ
ρσ + ∂σUˆ
′ρσ
P ,
where a prime has been added to distinguish Uˆ ′ρσP from Uˆ
ρσ
P . Denote
ˆρν ≡ 2g
ρµLˆµν +DσLˆ
σρ
ν . (91)
Contrast ˆρν in eq. (91) with identity (20). It turns out that ˆ
ρ
ν is nothing but −θ
a
ν
δLˆ
δθaρ
after
the breaking of symmetry in eqs. (40) and (42). From this very term we have derived Uˆρσ
in the GL(N,R) formulation. Moreover, the second and third terms in the last equality in
eq. (90) may be rewritten thus
− ξλDσLˆ
ρσ
λ +DσYˆ
ρσ = −ξλDσLˆ
ρσ
λ +Dσ
(
Lˆ
(ρσ)
λ ξ
λ
)
= −ξλDσLˆ
[ρσ]
λ + Lˆ
(ρσ)
λ Dσξ
λ (92)
= −∂σ
(
ξλLˆ
[ρσ]
λ
)
+
(
Lˆ
[ρσ]
λ + Lˆ
(ρσ)
λ
)
Dσξ
λ.
Replace eq. (91) and eq. (92) into the Noether current (90), and expand:
JˆρP = −ξ
ν ˆρν + Lˆ
ρσ
λ Dσξ
λ + ∂σ
(
Uˆ ′ρσP − ξ
λLˆ
[ρσ]
λ
)
. (93)
Lˆ ρσλ that appears in the second term is no longer symmetric here (since this symmetry was
previously broken into two parts!), and should not be confused with eq. (30). The first and
second terms in the r.h.s. of eq. (93) are equal to the current in the GL(N,R) formulation
(after the symmetry breaking and gauge fixing), and we denote this fact by
Wˆ ρGL ≡ −ξ
ν ˆρν + Lˆ
ρσ
λ Dσξ
λ = −ξν
(
2gρµLˆµν +DσLˆ
σρ
ν
)
+ Lˆ ρσλ Dσξ
λ. (94)
By virtue of eqs. (26) and (89), Wˆ ρGL contains only first-order derivatives of the fields. The
boundary ∂M is defined by the vanishing of the variational derivatives, and together with
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the vanishing of the non-metricity at the boundary, we find that Wˆ ρGL = 0 on-shell. Now
denote
Zˆρσ ≡ −ξλLˆ
[ρσ]
λ =
1
2
ξαδµρηταβγδB
γ
κητDµ
(
gˆβσgδκ
)
−
1
2
ξαδµσηταβγδB
γ
κητDµ
(
gˆβρgδκ
)
= ξαδ
µ[ρ|ητ
αβγδ hˆ
β|σ]δǫ
κλ B
γ
ǫητQ
κλ
µ ,
(95)
where
hˆβσδǫκλ ≡ −
1
2
gˆβσgδǫgκλ + gˆ
δǫδβ(κ δ
σ
λ) + gˆ
βσδδ(κ δ
ǫ
λ). (96)
With these definitions, eq. (93) assumes the form
JˆρP = Wˆ
ρ
GL + ∂σ
(
Uˆ ′ρσP + Zˆ
ρσ
)
. (97)
The terms inside the divergence are antisymmetric in ρ and σ, so that XˆP = ∂ρJˆ
ρ
P = ∂ρWˆ
ρ
GL.
Note that the representation in eq. (97) preserves the symmetry of the charge, in the
sense that XˆP = 0 on-shell. To see this, we observe that with the vanishing of non-metricity
and its higher-order derivatives on the boundary as well as the variational derivatives, the
divergence of the current reduces simply to ∂ρWˆ
ρ
GL = −2ξ
µgρνDρLˆµν = 0 on the boundary.
The latter is a property of the Einstein tensor and its generalizations36.
A variation of the current yields
δJˆρP =
δWˆ ρGL
δyA
δyA + ∂σ
(
∂Wˆ ρGL
∂∂σyA
δyA + δUˆ
′ρσ
P + δZˆ
ρσ
)
. (98)
Since Zˆρσ contains only first-order derivatives, its variation may be written as
δZˆρσ =
∂Zˆρσ
∂yA
δyA +
∂Zˆρσ
∂∂λyA
∂λδyA. (99)
Then the variation of the current becomes:
δJˆρP =
δWˆ ρGL
δyA
δyA + ∂σ
(
∂Wˆ ρGL
∂∂σyA
δyA +
∂Zˆρσ
∂yA
δyA +
∂Zˆρσ
∂∂λyA
∂λδyA + δUˆ
′ρσ
P
)
. (100)
Now as before, the guiding principle is to eliminate the divergence terms in eq. (100). Simi-
larly to eq. (57), the symmetric part of the first-term in the divergence does not contribute,
so we may drop it completely. The new equation for the variation of the superpotential
becomes
δUˆ ′ρσP
∣∣∣
∂M
= −
∂Wˆ
[ρ
GL
∂∂σ]yA
δyA −
∂Zˆρσ
∂yA
δyA −
∂Zˆρσ
∂∂λyA
∂λδyA. (101)
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Eq. (101) must be supplemented by boundary conditions. Assuming the boundary conditions
in (81), and substituting eq. (83) into the third term in the r.h.s. of eq. (101), we find:
δUˆ ′ρσP
∣∣∣
∂M
= −
∂Wˆ
[ρ
GL
∂∂σ]Γλµν
δΓλµν −
∂Zˆρσ
∂Γλµν
δΓλµν + 2g
κ(µ δ ν)η
∂Zˆρσ
∂∂λgµν
δΓηκλ. (102)
The first term yields Uˆρσ in eq. (59), while the second and third terms in eq. (102) cancel
each other out (see Appendix for details). We conclude that Zˆρσ does not contribute to the
superpotential.
Motivated by the generalized Bianchi identity in eq. (20), we have shown that it is pos-
sible to split the Palatini current into first and second-order contributions. Applying the
variational principle to the current, we have found this splitting produces a superpotential,
Uˆ ′ρσP , that would be obtained from Uˆ
ρσ upon symmetry breaking and gauge fixing at the
boundary. This is at odds with UˆρσP in eq. (86), but unsurprisingly perhaps, is commensurate
with the general linear formulation.
We are led to conclude that even within the Palatini formulation, it is possible to obtain
two different superpotentials by a reshuffling of the current density! Furthermore, these
results imply that the KL equation, given in eq. (80), is more general than the JS equation,
eq. (59) (so named in respect to its originators) and consequently the KL superpotential,
eq. (86), is more general than the JS superpotential, eq. (67). It seems that both the JS
current and the JS superpotential are contained within the Palatini formulation, but that
the Palatini formulation is more general.
We must make here a caveat. The splitting of the covariant derivative of the variational
derivative with respect to the affine connection into second-order derivatives and first-order
terms is not necessarily valid for an arbitrary Lagrangian density with first-order fields
equations. Furthermore, the splitting in eq. (88) is not unique. It is possible to continue this
splitting further, to extract first-order terms by further antisymmetrization of the covariant
derivatives in DσLˆ
ρσ
λ .
IV. THE RENORMALIZATION OF THE PALATINI LAGRANGIAN
Comparing both superpotentials, eqs. (67) and (86), we have found that they differ when
the curvature is coupled to another piece of curvature. It appears that the bulk non-metricity
plays a pivotal role in the Palatini formulation, and generates a non-zero contribution to the
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superpotential, even though it, its variation and its higher-order derivatives vanish on the
boundary. Hence, even though non-metricity is present in the bulk of both GL(N,R) and
Palatini space-times, only the latter is affected by it. This behaviour is reminiscent of the
role that ghosts play in non-Abelian QFT. The non-metricity tensor, introduced initially as
an auxiliary field to maintain first-order variational derivatives, should have left no trace on
the physical charge.
In this section, we explore this conundrum in greater detail. We discover that the differ-
ence between the superpotentials in the Palatini and the general linear formulations, UˆρσP and
Uˆρσ respectively, stems from a Lagrangian density that explicitly couples quadratic terms in
the non-metricity with the curvature tensor. We show that this Lagrangian density may be
generalized to a whole class of Lagrangian densities that may be added, ex post facto, to the
standard Lovelock Lagrangians to remove the additional terms that arise from non-metricity
in the Palatini formulation. Demonstrably, its inclusion in the GL(N,R) formulation does
not alter Uˆρσ.
This removal, however, is quite artificial. For instance, it is not clear, a priori, what
the coupling constant (value and sign) should be. These values are deduced only after the
explicit calculation of UˆρσP is completed. Furthermore, we may examine the problem from a
very different point of view. If the non-metricity in the bulk can contribute to the conserved
charges on the boundary, then perhaps we should endeavour to treat it not as an auxiliary
field, but as a real physical field that carries with it some mass, spin or radiation. This is
not a new idea29,37, but we believe its implementation in this context is quite new.
In this spirit we present a parity-violating Lagrangian density that extends the superpo-
tential into asymptotically maximally symmetric space-times. We consider its contribution
in two cases: a 4-dimensional solution of an asymptotically Kerr-AdS space-time proposed
by Henneaux and Teitelboim31, and a 4-dimensional mass-less gravo-magnetic analogue,
motivated by the work of Lynden-Bell and Nouri-Zonoz32.
A. Explicit Non-metricity
We begin by introducing the following Lagrangian density:
LˆQi ≡ gˆρσδ
µν
κλQ
κρ
µ Q
λσ
ν , (103)
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where Q denotes Lagrangians with explicit non-metricity, and may be used as a superscript
or subscript or in parenthesis for the sake of clarity.
LˆQi has a unique provenance. We have found that it can be obtained from the work by
Floreanini and Percacci38. Working within the GL(4,R) formulation, the authors proved
that both the metric-compatible and the torsion-free constraints naturally arose from the
dynamics of Lˆ1 (see eq. (4)). To this end, they split Lˆ1 into two parts: the Einstein-Hilbert
part (with the Levi-Civita connection and second-order field equations) and a second part,
that was quadratic in torsion and non-metricity. The latter, embodied in their eqs. (2.6)
and (2.7b), can be used to obtain our eq. (103) by gauge fixing, eq. (40).
In addition to the obvious diffeomorphism invariance, LˆQi is also invariant under the
volume-preserving transformation of the affine connection39, which reads
δqΓ
λ
µν ≡ −
1
2
(
δλµQν + δ
λ
νQµ − gµνg
κλQκ
)
. (104)
Here Qν ≡ gαβDνg
αβ is the Weyl vector and consequently δqQ
µν
λ = −g
µνQλ. In fact, this
invariance is more general, and Qν can be any covariant vector field. Note that the non-
metricity that appears in eq. (103) can be replaced by the trace-free non-metricity, defined
as /Q µνλ ≡ Q
µν
λ −
1
N
gµνQλ. Eq. (103) lends itself naturally to the following generalization
to a new class of Lagrangian densities with quadratic non-metricity and first-order field
equations:
LˆQii = gˆρσδ
µνγδ
κλαβB
αβ
γδQ
κρ
µ Q
λσ
ν . (105)
Higher orders are considered in the Appendix. Note that LˆQii is no longer volume-invariant.
The variational derivatives are given by:
1√
|g|
δLˆQi
δΓλρσ
= 2hρσκµνλQ
µν
κ , (106)
where
hρσκµνλ ≡ g
ρσδκ(µ gν)λ − δ
κ
λδ
ρ
(µ δ
σ
ν) + δ
(ρ
λδ
σ)
(µ δ
κ
ν) − g
κ(ρ δ
σ)
(µ gν)λ; (107)
and
1√
|g|
δLˆQi
δgρσ
= −2gκ(ρ δ
µν
σ)λDµQ
κλ
ν +Q
κη
µ Q
λτ
ν
(
−δµνκλhρσητ + 2δ
µν
λ(ρhσ)τκη
)
, (108)
where
hµνρσ ≡
1
2
gµνgρσ + gµ(ρgσ)ν . (109)
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We see that the variational derivative with respect to the metric, δgLˆ
Q
i ∼ g ·B+Dg ·Dg.
Our boundary conditions, eq. (81), dictate that on the boundary the non-metricity tensor
should vanish. This means that the quadratic terms Dg ·Dg cannot contribute to the
superpotential on the boundary, and the only relevant part is the first term, which can be
rewritten using eq. (28) in terms of the curvature tensor:
1√
|g|
δLˆQi
δgρσ
•
= −4gµ(ρB
(µν)
σ)ν . (110)
Substituting eqs. (106) and (110) into eq. (85), we obtain expressions for Yˆ ρσ and Wˆ ρP ,
Wˆ ρP
•
= 8ξ(µg ν)ρgκµB
(κλ)
νλ and Yˆ
ρσ = 2ξλhρσκµνλQ
µν
κ , (111)
which we differentiate according to eq. (84). We find
−
4
3
∂Yˆ λ[ρ
∂
(
∂σ]gµν
)gκ(µ∆ν)κλ = −2 (ξ[ρ g σ]µ∆νµν + ξµgν[ρ∆σ]µν + gµνξ[ρ∆σ]µν) , (112)
and
−
∂Wˆ
[ρ
P
∂
(
∂σ]Γλµν
)∆λµν = 2 (gµνξ[ρ∆σ]µν + ξµgν[ρ∆σ]µν + ξ[ρg σ]ν∆µµν) . (113)
Substituting eqs. (112) and (113) into eq. (84), we find that
Uˆρσi = −
∂Wˆ
[ρ
P
∂
(
∂σ]Γλµν
)∆λµν − 43 ∂Yˆ
λ[ρ
∂
(
∂σ]gµν
)gκ(µ∆ν)κλ = 0. (114)
Hence LˆQi does not contribute to the superpotential on the boundary! It seems, at least
from eq. (114), that the parity-preserving form of quadratic non-metricity by itself cannot
contribute to the superpotential (compare, however, with eqs. (154)-(155)).
Nevertheless, LˆQii already couples curvature and non-metricity. Its variational derivative
with respect to metric reads:
1√
|g|
δLˆQii
δgρσ
=− 2gκ(ρ δ
µνγδ
σ)λαβB
αβ
γδDµQ
κλ
ν
+BαεγδQ
κη
η Q
λτ
ν
(
δµνγδκλαβf
βε
ρσητ + 2δ
µνγδ
αβλ(ρf
βε
σ)τκη
)
,
(115)
where
fκλρσµν ≡ −g
κλhµνρσ + gµνδ
κ
(ρ δ
λ
σ). (116)
We see that δgLˆ
Q
ii ∼ g ·B ·B + g ·Dg ·Dg ·B. The latter terms do not contribute to the
superpotential on the boundary. So the relevant part becomes
δLˆQii
δgρσ
•
= −2gˆκ(ρ δ
µνγδ
σ)λαβB
αβ
γδB
(κλ)
µν . (117)
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Substituting eq. (117) into Wˆ ρP in eq. (85), we have
Wˆ ρP
•
= 4ξ(µg ν)ρgˆκµδ
ητγδ
νλαβB
αβ
γδB
(κλ)
ητ , (118)
and, evaluated at the boundary, we find
−
∂Wˆ
[ρ
P
∂
(
∂σ]Γλµν
)∆λµν = −8gˆκµξ(µg ν)[ρ δσ]τγδνλαβRαβγδgη(κ∆λ)τη. (119)
The variational derivative with respect to the affine connection is
1√
|g|
δLˆQii
δΓλρσ
= 2δ
αβγ(ρ
κλµν f
σ)κ
ητθϕQ
µη
α Q
ντ
β Q
θϕ
γ + 4δ
(η
λ g
κ)(ρ δ
σ)εγδ
κναβ gµηB
αβ
γδQ
µν
ε
+ 4gεχg
β(ρ δ
σ)ηγδ
κτλβB
(κε)
γδQ
τχ
η .
(120)
The only relevant term that may contribute at boundary is the second one
1√
|g|
δLˆQii
δΓλρσ
•
= 4gµηδ
(η
λ g
τ)(ρ δ
σ)κγδ
τναβ B
αβ
γδQ
µν
κ , (121)
so that
Yˆ ρσ
•
= 4gˆµηξ
(η g κ)(ρ δ
σ)λγδ
κναβB
αβ
γδQ
µν
λ . (122)
From eq. (122) we find
−
4
3
∂Yˆ λ[ρ
∂
(
∂σ]gµν
)gκ(µ∆ν)κλ = −83
(
ξ(µg ν)τδρσγδνλαβ − ξ
(µg ν)[ρ δ
σ]τγδ
νλαβ
)
gˆµκg
η(κ∆λ)τηR
αβ
γδ. (123)
Summing up eqs. (119) and (123), we obtain:
Uˆρσii = −
8
3
gˆκµg
η(κ∆λ)τηR
αβ
γδ
[
ξ(µg ν)τδρσγδνλαβ + 2ξ
(µg ν)[ρ δ
σ]τγδ
νλαβ
]
. (124)
Now we make use of the following identity(
2ξ(η g τ)[ρ δ
σ]µγδ
τλαβ + ξ
(η g τ)µδρσγδτλαβ
)
Rαβγδgˆκηg
ν(κ∆λ)µν = ξ
τδρσγµτλαβR
αβ
γκgˆ
ν(κ∆λ)µν . (125)
Replacing eq. (125) into eq. (124), we have
Uˆρσii =
8
3
ξ¯αδµνρσαβγδR
γδ
λµ
¯ˆgκ(λ∆β)νκ. (126)
Comparing eq. (126) with eq. (86), we find that Uˆρσii = 4∆Uˆ
ρσ
2 ! Subsequently, we can
re-normalize LˆP2 in eq. (22) as follows
Lˆ′P2 ≡
1
4
δµνρσαβγδ
(
Bˆαβµν − gˆκλQ
ακ
µ Q
βλ
ν
)
Bγδρσ, (127)
where a prime, as in Lˆ′, denotes a re-normalized Lagrangian density. The superpotential
obtained from Lˆ′P2 by means of eq. (84) is now simply Uˆ
ρσ
2 in eq. (67), and the discrepancy
between the formulations is resolved by taking
Lˆ′2 =
1
4
√
|γ|θµνρσabcd
(
Babµν − γkl
(
∇µγ
ak
) (
∇νγ
bl
))
Bcdρσ. (128)
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B. Boundary terms and the coupling of LˆQi
The renormalized Lagrangian density, Lˆ′P2 in eq. (127), has fixed the numerical coefficient
or coupling strength of LˆQii . In order to remove ∆Uˆ
ρσ
2 , we have found this value to be −1/4.
However, these considerations cannot determine the coupling of LˆQi , since Uˆ
ρσ
i = 0. Yet, this
arbitrariness is misleading. To solve this riddle, we look elsewhere, by examining boundary
and surface terms.
A compact space-time manifold, M, with a boundary, ∂M, usually mandates changes
to the action, which take into account boundary terms. Typically, in order to formulate a
well-defined variational principle, Dirichlet boundary conditions on the metric require the
introduction of surface terms to the action30,40 to remove variations of the affine connection.
Such terms become necessary when a divergence appears in the variation, which cannot be
reconciled with the field equations. This is true in particular for Lovelock Lagrangians, but
is not strictly necessary in the case of LˆQn , as the boundary terms vanish by virtue of the
vanishing of non-metricity on the boundary, which satisfies the field equations as well.
Nonetheless, here we examine the boundary term that arises upon the variation of LˆQi .
We find that it can be used to complete the surface term that was proposed by Obukhov30,
whose goal was to reformulate the Palatini Lagrangian with a boundary in four dimensions.
Obukhov30 defines the following scalar
K ≡
1
2
(Dµn
µ +Dµnµ) =
1
2
(
Q µνµ nν + 2g
µνDµnν
)
, (129)
where nµ is the unit vector normal to the boundary ∂M. For simplicity we work in N = 4
dimensions. The normalization is given by nµnµ = ε, where ε = ±1 for a space-like or
time-like hypersurface, respectively. The variation of nν is given by δnν = −
1
2
εnνnαnβδg
αβ.
We define the projection tensor, hµν ≡ δ
µ
ν − εn
µnν , and with it the induced 3-metric hµν =
gµν − εnµnν . Indices are raised and lowered with g.
K is closely related to the extrinsic curvature, and in the metric case, Q µνλ = 0, reduces
to the trace of the second fundamental form. It is chosen so that the variations of the affine
connection on the boundary would cancel their corresponding part in δLˆP1 (see eq. (22)),
given by
δLˆP1 =
δLˆP1
δgµν
δgµν +
δLˆP1
δΓλµν
δΓλµν + ∂µkˆ
µ. (130)
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The variational derivatives are given in eq. (25), and
kˆµ ≡ gˆκλδΓµκλ − gˆ
λµδΓκκλ. (131)
Under the sign of the integral, we have
√
|h|nµk
µ = −
√
|h|gµν
(
nνδΓ
λ
λµ − nλδΓ
λ
µν
)
. (132)
The variation of 2K is given by
2δK = gµν
(
nνδΓ
λ
λµ − nλδΓ
λ
µν
)
+ δhµνDµnν + h
µ
νDµ
(
hνλδn
λ
)
+
ε
2
nβnνδg
µν
(
nµQ
αβ
α − nαQ
αβ
µ
)
.
(133)
A useful identity in the derivation of eq. (133) is nνDµnν = −
1
2
nκnλQ
κλ
µ . One can imme-
diately see why this particular boundary term was chosen. Under the sign of the integral,
eq. (133) multiplied by
√
|h| and added to eq. (132) cancels the variations of Γλµν , leaving
only variations of the metric, which vanish on the boundary. More relevant to our cause is
the third line in eq. (133). The explicit factor of ε does not appear to reconcile with the fact
that K is a scalar, and should not depend on the nature of the boundary.
Similarly to eq. (130), for δLˆQi we have
δLˆQi =
δLˆQi
δgµν
δgµν +
δLˆQi
δΓλµν
δΓλµν + ∂µvˆ
µ. (134)
The variational derivatives are given in eqs. (106)-(109), and
vˆµ ≡ 2gˆκνQ
κλ
λ δg
µν − 2gˆκνQ
µν
λ δg
κλ. (135)
Under the sign of the integral, we have
√
|h|nµv
µ = 2
√
|h|gβνδg
µν
(
nµQ
αβ
α − nαQ
αβ
µ
)
. (136)
Eq. (136) is volume-invariant in the sense of eq. (104). Comparing eq. (136) with the
expression in the third line in eq. (133), we see the similarity. The expressions in parenthesis
are identical! This suggests that they may complement each other, by choosing the coefficient
for LˆQi to be −1/4. With this choice, under the integral sign, we obtain√
|h|
(
−
1
4
nµv
µ + 2δK
)
•
= −
1
2
hˆβνδg
µν
(
nµQ
αβ
α − nαQ
αβ
µ
)
. (137)
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With eq. (137) we can switch from δgµν to variations of hµν , which is the genuine metric on
the boundary. Thus, we have found an additional constraint, through K in eq. (129), that
binds together two distinct contributions. Consequently, we can define:
Lˆ′P1 ≡
1
2
δµνκλ
(
Bˆκλµν −
1
2
gˆρσQ
κρ
µ Q
λσ
ν
)
. (138)
This result agrees with the coupling of the nth Lagrangian density, −n/2n+1, n ≥ 1. See
Appendix for details.
It must be noted that K is not unique, in the sense that it is possible to construct other
boundary terms that would reduce to the second fundamental form when Q µνλ = 0.
C. Symmetries of the superpotential equation
The choice of dynamic variables is a cardinal one, because it dictates the dynamics of
the system. In the preceding section we have shown that identical dynamics are insuffi-
cient in determining uniquely the superpotential. Indeed, the general linear and Palatini
formulations have the same equations of motion on the boundary, but their respective su-
perpotentials differ. Here we explore another puzzling facet of this question. We show below
the surprising fact, that in the calculation of the superpotential for LˆQii , we could choose as
independent fields the metric tensor, the affine connection and the curvature tensor, and we
would still end up with the same superpotential. This is a highly non-trivial fact. It implies
a certain degeneracy exists in the choice of fields, with redundant dynamics which still yield
the same superpotential.
In order to see this, we examine a more general Palatini formulation in which the curvature
tensor, Bµνρσ, is independent of the affine connection. We define the following function
F ρσµν [Γ] ≡ 2∂[µΓ
ρ
ν]σ + 2Γ
ρ
[µ|λΓ
λ
|ν]σ, (139)
for convenience. On the boundary, in addition to (81), we require that Bρσµν
∣∣
∂M
= F ρσµν .
We have
LˆQii
[
gµν ,Γλµν , B
µ
νρσ
]
= gˆρσg
βηδµνγδκλαβB
α
ηγδQ
κρ
µ Q
λσ
ν . (140)
Clearly, Wˆ ρP is altered by this change, but since δBLˆ
Q
ii ∼ g · (Dg) · (Dg), it cannot contribute
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to the superpotential on the boundary. The relevant derivatives that do contribute are
1√
|g|
δLˆQii
δΓλρσ
•
= 4gµηδ
(η
λ g
τ)(ρ δ
σ)κγδ
τναβ B
αβ
γδQ
µν
κ , (141)
1√
|g|
δLˆQii
δgρσ
•
= −2gκ(ρ δ
µνγδ
σ)λαβB
αβ
γδF
(κλ)
µν . (142)
This result is not metric-compatible! In fact, all equations of motion of LˆQn are trivially
satisfied by the metricity condition on the boundary, which implies a certain redundancy
exists in their solutions. Consequently, it implies that the explicit curvature in LˆQii does not
play a dynamic role, in which case B may be replaced by the background R or combinations
of it, for which LˆQii does become volume-invariant in the sense of eq. (104). Note that this
type of substitution will not work with Lovelock Lagrangians. To wit, if one of the B’s
in Lˆ2 in eq. (4) were replaced by the corresponding background tensor R, the resulting
superpotential would equal only half of Uˆρσ2 !
One is then tempted to extend the family of Lagrangians to the generalized Palatini
formulation, and explore other Lagrangian densities, which couple the Riemann tensor and
the non-metricity, and which would not ordinarily produce first-order variational derivatives
if the connection and metric were the only independent fields. In each case the question
arises: did we make the right choice of variables? All aspects being equal, this matter must
be determined by more involved equations that determine the superpotential in the event of
higher-order derivatives in the variational derivatives. At present, we may only speculate.
One could even envision a geometry in which all possible combinations of non-metric terms
are averaged in some fashion (“path-integral”) to produce physical observables. Here we
limit ourselves to three principal examples:
LˆQI ≡ gˆρσQ
µρ
κ Q
νσ
λ B
[κλ]
µν ; (143)
LˆQII ≡ g
ρσBˆ(ρσ); (144)
LˆQIII ≡ gˆρσQ
µρ
κ Q
νσ
λ ∗B
κλ
[µν], (145)
where
g
ρσ ≡ δκλµνQ
µρ
κ Q
νσ
λ , Bρσ ≡ B
λ
ρλσ, ∗B
κλ
µν ≡
1
2
Bµνρση
ρσκλ. (146)
∗Bκλµν is the right dual of the curvature tensor, and η
ρσκλ is the Levi-Civita tensor, obeying
ερσκλ =
√
|g|ηρσκλ.
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A few observations are in order: firstly, note that g[ρσ] = 0. Secondly, LˆQI and Lˆ
Q
III are
volume-invariant in the sense of eq. (104), and LˆQIII reduces to Lˆ
Q
I for self-dual metrics.
Thirdly, LˆQIII is entirely first-order, with the metric and affine connection as its dynamic
variables, and manifestly violates parity conservation,with explicit dependence on the Levi-
Civita tensor density, εµνρσ.
LˆQI and Lˆ
Q
II represent two possible modifications of Lˆ
Q
1 , and similarly to Uˆ
ρσ
ii , their cor-
responding superpotentials, UˆρσI and Uˆ
ρσ
II respectively, contribute nothing to the charge at
the limit of asymptotic maximal symmetry. To see this, we note that in all three equations
(143)-(145) the curvature tensor does not play a dynamic role. It may be replaced by its
background analogue without affecting the superpotential on the boundary, at least when
B is independent of Γλµν .
In the case of eqs. (143) and (144), the background Riemann and Ricci tensors, respec-
tively, may be decomposed into their irreducible representation, and the scalar curvature
terms become proportional to LˆQi , for which Uˆ
ρσ
i = 0 identically (see eq. (114)).
In the case of LˆQII , this result can be generalized to include a whole class of Lagrangian
densities of the form:
LˆQ
[
gµν ,Γλµν , B
µ
νρσ
]
≡
√
|g|gρσfρσ [B] , (147)
where fρσ is a polynomial function of the curvature tensor. Explicit expressions for Uˆ
ρσ
I
and UˆρσII are given in the Appendix. Below we consider Lˆ
Q
III. The variational derivative
with respect to the curvature tensor, δBLˆ
Q
III ∼ g · (Dg) · (Dg) does not contribute to the
superpotential on the boundary.
The remaining variational derivatives are given by
δLˆQIII
δΓλµν
•
= 4gˆηβδ
(η
λ g
κ)(µ ∗B
ν)σ
[κα]Q
αβ
σ , (148)
and
δLˆQIII
δgµν
•
= 2gˆα(µδ
η
ν) ∗B
γδ
[βη]F
(αβ)
γδ. (149)
The superpotential is given by
UˆρσIII =−
2
3
∗Rρσκλ
(
ξµgˆκν∆λµν + ξ
κgˆµν∆λµν + ξ
κgˆλµ∆νµν
)
−
8
3
(
ξ(κ gˆ µ)[ρ ∗R
σ]ν
κλ − gˆκλξ
(κ g η)[ρ ∗Rσ]µν η
)
∆λµν .
(150)
In four dimensions this may be simplified further using the identity
2δ
[ρ
λ ε
σ]κµν = −δκλε
ρσµν − 2ερσκ[µ δ
ν]
λ for N = 4. (151)
We have
UˆρσIII (N = 4) = −
4
3
ερσµκ
(
ξηRν(ηκ)λ∆
λ
µν + ξηRκλg
ν(η∆λ)µν
)
. (152)
Moreover, in the case C¯µνρσ = 0 and rµν = 0, the right-hand side of eq. (152) takes the form
UˆρσIII (N = 4) = −
1
9
ερσµκg¯κλR¯
(
3ξ¯[ν∆λ]µν + ξ¯
(ν∆λ)µν
)
. (153)
Thus UˆρσIII possesses a non-zero contribution proportional to the background scalar curvature,
from which we learn that non-metricity can have a measurable effect even at the region of
asymptotic maximal symmetry. It is easy to show that the functional terms multiplied by
R¯ on the r.h.s of eq. (153) originate from
LˆQa ≡ ε
κλµνgρσQκµρQλνσ. (154)
Specifically, the corresponding superpotential is given by
Uˆρσa (N = 4) = −
4
3
ερσµκg¯κλ
(
3ξ¯[ν∆λ]µν + ξ¯
(ν∆λ)µν
)
. (155)
D. Example: Asymptotic AdS Solutions
All the parity-preserving Lagrangian densities with explicit dependence on the non-
metricity we have studied in this section produced superpotentials that depended solely on
the background Weyl and trace-free Ricci tensors. If these superpotentials can contribute
anything on the boundary, it would be in a space-time that is either not asymptotically
conformally flat or with sources at the background. The latter violates the very definition
of the concept of isolated and localized sources, while the former is linked to anisotropy of
the background. Space-times with local anisotropy exhibit a certain scale dependence at
every point of space-time, and as far as we know it is in itself a consequence of matter. This
means that such geometries do not describe strictly isolated sources of gravity.
It has already been argued that non-metricity effects can be induced by matter41. LˆQIII
is parity-violating, coupling non-metricity with the curvature tensor, and as such is an
example of a Chern-Simons modified gravity. The field equations derived from this density
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are trivially satisfied by any metric and its associated metric-compatible connection. The
resulting superpotential, UˆρσIII , affords us an opportunity to examine whether non-metricity
emanating from a source of gravity could have a measurable effect at the boundary, which
is torsion-less, metric-compatible, source-free and maximally-symmetric.
To this end, we examine two metrics, which, at the absence of sources are asymptotically
(locally) AdS in four dimensions. The first one is due to Henneaux and Teitelboim31. It
describes the asymptotic behaviour of anti-de Sitter space-time with a cosmological constant,
mass and angular momentum, and is given by the non-zero components of the metric in
spherical coordinates:
gtt = −
r2
l2
+
2Mλ5
r
+O
(
1
r3
)
; gtφ = −
2Jλ5 sin2 θ
r
+O
(
1
r3
)
; (156a)
gφφ = r
2 sin2 θ
(
1 +
2Ma2λ5 sin2 θ
r3
)
+O
(
1
r3
)
; (156b)
grr =
l2
r2
−
l4
r4
+
2Ml4λ3
r5
+O
(
1
r7
)
; (156c)
gθr = −
Ml2a2λ5 sin 2θ
r4
+O
(
1
r6
)
; gθθ = r
2 +
Ma4λ7 sin2 (2θ)
2r3
+O
(
1
r5
)
, (156d)
where
α ≡
a
l
; λ ≡
1√
1− α2 sin2 θ
; J ≡ aM. (157)
The background metric is obtained by taking the sources to vanish, given by the line element
in the regime r ≫ l:
ds¯2 ≈ −
r2
l2
dt2 +
(
l2
r2
−
l4
r4
)
dr2 + r2
(
dθ2 + sin2 θdφ2
)
. (158)
The question then becomes, can UˆρσIII in eq. (153) contribute to the mass or angular mo-
mentum. In four dimensions dSρσ =
1
2
ǫρσµνdx
µ ∧ dxν , so the integrand in eq. (61) is given
by
UˆρσIIIdSρσ =
2
9
dxµ ∧ dxκg¯κλR¯
(
3ξ¯[ν∆λ]µν + ξ¯
(ν∆λ)µν
)
, (159)
with
R¯ = 4Λ and Λ = −
3
l2
. (160)
The closed two-surface at spatial infinity is a 2-sphere, S2, defined by constant r and t,
i.e. dr = dt = 0 at the boundary. For the asymptotically time-like Killing vector field
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ξ¯µ = (1, 0, 0, 0), we have
E ≡
4
9
R¯ξ¯t lim
r→∞
∫
dθdφ
(
g¯φφ∆
φ
tθ − g¯θθ∆
θ
tφ
)
. (161)
A direct calculation using the metric in eq. (156) reveals E = 0, since ∆φtθ,∆
θ
tφ ∝ r
−3, so
that UˆρσIIIdSρσ = O
(
1
r
)
, which vanishes in the limit r → ∞. This means that UˆρσIII does not
contribute to the energy in that geometry. For the asymptotically axi-symmetric Killing
vector field ξ¯µ = (0, 0, 0, 1) we have
J ≡ −
2
9
R¯ξ¯φ lim
r→∞
∫
dθdφ
(
g¯φφ∆
ν
θν + 2g¯θθ∆
θ
φφ
)
. (162)
Again, from eq. (156) it follows that ∆νθν ,∆
θ
φφ ∝ r
−3, so J = 0 as well.
It would appear that the typical asymptotically AdS structure does not yield contributions
from such terms. An example that does produce a non-vanishing contribution to the angular
momentum is inspired by the Taub-NUT metric, and its derivation32 (see also42). We start
with the well-known split of the stationary metric as described by Landau and Lifshitz43:
ds2 = −e−2ν
(
dt− Aidx
i
)2
+ g
(3)
ij dx
idxj , (163)
where ν, Ai, g
(3)
ij are independent of t, and here the lower case Latin indices enumerate the
spatial part of the metric, i.e. i, j = {1, 2, 3} = {r, θ, φ}. Owing to the gauge freedom in t,
in analogy with classical electromagnetism, we define the gravo-electric and gravo-magnetic
fields by
Eg ≡
−→
∇ν, Bg ≡
−→
∇ ×A, (164)
respectively, where the differential operator,
−→
∇, is with respect to g
(3)
ij . It was shown
32 that
the choice
ν (r) = −
1
2
ln
[
1−
2
r2
(
q2 +m
√
r2 − q2
)]
; A = (0, 0, Aφ) with Aφ (θ) = 2q (1 + cos θ) ,
(165)
together with the metric components
g(3)rr = e
2ν
(
1−
q2
r2
)−1
, g
(3)
θθ = r
2, g
(3)
φφ = r
2 sin2 θ, (166)
solves Einstein’s field equations in vacuo, and reproduces the Taub-NUT metric. This beau-
tiful analogy with classical electromagnetism lends itself naturally to other extensions. In
particular, we can define:
ν (r) = −
1
2
ln
(
1 +
r2
l2
)
; A = (0, 0, Aφ) with Aφ (θ, r) =
2q2λ (θ)
r
, (167)
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where we have assumed for simplicity the massless source approximation44,i.e. m = 0, at
the outset. The line element is given by:
ds2 = −
(
1 +
r2
l2
)(
dt−
2q2λ(θ)
r
dφ
)2
+
(
1 +
r2
l2
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2. (168)
Eq. (168) reduces to eq. (158) when q = 0 for large r. The latter is taken to be the
background in this calculation.
A simple calculation shows that ∆νθν = 0, while ∆
θ
φφ = 2n
4 l2
r2
d
dθ
λ2 (θ) + O
(
1
r4
)
. It
follows that only the second term in the integrand in eq. (162) can contribute. In particular,
if λ (θ) = 1
2
sin (θ/2), we find
J = −
4
9
R¯ lim
r→∞
∫ π
0
dθ
∫ 2π
0
dφg¯θθ∆
θ
φφ =
16π
3
n4, (169)
where n ≡ q/l. Hence the gravo-magnetic charge in this model couples to the scale l, with
a contribution of the order of l−4.
It is interesting to note that the calculation of the energy from this superpotential results
in a divergent quantity. Indeed, since ∆θtφ = −
n2λ′(θ)
r
+ O
(
1
r3
)
and ∆φtθ =
n2λ′(θ)
r sin2 θ
+ O
(
1
r3
)
,
we find for the aforementioned λ (see eq. (161)):
E =
4
9
n2R¯ lim
r→∞
(2πr) . (170)
Not only is E infinite, but is negative to boot! This is akin to the singularity along the
half-axis θ = π in the Taub-NUT metric in four dimensions. Unlike Misner45, who removed
this singularity by re-identifying t as a periodic coordinate, Bonnor44 has considered the
alternative of retaining the singularity and a causal structure for t, and has suggested the
singularity be interpreted as a “massless source of angular momentum.” Israel46 pointed out
that the Bonnor singularity was not a line source in the typical sense, since its circumference
is different from zero. Presumably it is this which makes a non-vanishing angular momentum
possible for this source. Indeed, E is proportional to the circumference, and the limit r →∞
implies it is expanded beyond the z-axis, suggesting that the source is not strictly isolated.
A few remarks are in order: (a) the metric in eq. (168) does not solve Einstein’s vacuum
field equations. In fact, the scalar curvature and the Kretschmann scalar are given by
R = R¯ +
2n4λ2(θ)
r2 sin2 θ
+O
(
1
r4
)
; (171)
K = RµνρσRµνρσ =
24
l4
−
24n4λ2 (θ)
l2 sin2 θ
1
r2
+O
(
1
r4
)
, (172)
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respectively, and it can be shown that Gµν +Λgµν = qTµν , so that with q = 0 we revert back
to the AdS background. (b) Since this metric is only asymptotically locally AdS, a more
detailed analysis of the asymptotic structure of the metric and its singularities is necessary
in order to determine its background behaviour. In particular, E and J in eqs. (169)-
(170) originate from the dominant contributions, gtφ ≈ 2n
2λ (θ) r and gφφ ≈ −4q
4l−2λ2 (θ)
respectively. In particular, if λ (θ) = 1
2
sin (θ/2), then from eq. (171) it follows that there is
a singularity at θ = π, and gφφ cannot be neglected.
V. SUMMARY AND DISCUSSION
In this paper we set out to explore the inverse problem of superpotentials, i.e., the
derivation of the flux from the current. We formulated the problem using two distinct
formulations of metric-affine gravity, distinguished by their treatment of the non-coordinate
base (soldering form), θaµ. One is the general linear formulation, in which θ
a
µ = θ
a
µ
(
xλ
)
is a dynamic variable to be determined by the field equations on the boundary. It was not
constrained beyond the requirement of its invertibility. At the boundary it was fixed by the
canonical (metric) choice: θaµ
∣∣
∂M
= δaµ. The other is the Palatini formulation, in which
the non-coordinate base had been fixed already at the very start. This subtle difference had
dictated everything that followed.
In the general linear formulation, this meant that two additional independent dynamic
variables could be constructed, the fibre metric and the spin connection, both of which
behave as perfect tensors under diffeomorphism. This guaranteed that variational symme-
tries of the fields would contain no higher than first-order derivatives of the fields and their
symmetry parameters. Together with the first-order variational derivatives from Lovelock
Lagrangians, this formulation produced a simple and elegant equation for the current, ex-
pressed as a linear combination of variational derivatives, from which the superpotential was
uniquely determined.
However, the same cannot be said for the Palatini formulation. Forcing θaµ
(
xλ
)
=
δaµ everywhere in M meant that it was no longer a viable independent dynamic variable.
Now only two variables remained, the space-time metric gµν , and the torsion-less affine
connection, Γλµν ; and while the variational derivatives still contained no higher than first-
order derivatives, the second-order derivatives associated with £ξΓ
λ
µν meant it was not
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possible to use the simpler general linear prescription. It was, however, still possible to
solve the series of differential identities, and to obtain the current, and subsequently, the
superpotential. A major difference between the formulations was the presence of second-
order derivatives in the conserved current. This suggested that more boundary conditions
were needed to obtain a unique superpotential. Consequently, the current was no longer
given by a simple linear combination of variational derivatives, but was more complicated,
with derivatives of the fields and their variational derivatives.
One major finding in this paper is the fact that the current and superpotential obtained
from the Palatini formulation are more general, encompassing the results of the general
linear formulation as particular cases. Moreover, we have found that the same current can
induce two distinct superpotentials within the Palatini formulation, in contrast to the unique
superpotential obtained in the general linear formulation.
This led us to a paradox, stemming from the fact that the dynamics on the boundary are
identical. Indeed, we have shown explicitly that the dynamics imposed by the fixation of
θaµ
(
xλ
)
at the boundary, and the metricity condition, Dλg
µν |∂M = 0, are equivalent for both
formulations. How is it, then, possible that their respective currents and superpotentials
differ? Surely the mass of an isolated star far far away is not privy to our choice of fields or
dynamic variables!
We have presented two solutions to this paradox. One solution required that space-
time be asymptotically maximally symmetric. At first glance this condition may appear
too restrictive. Indeed, why must space-time possess such a global topology? Nonetheless,
we have given several arguments in its favour, centered on the idea, that the Weyl and
trace-free Ricci tensors do not vanish for space-times with non-localized sources, that are
present at the boundary as well. Hence, the requirement of asymptotic maximal symmetry
may turn out to be equivalent to the requirement for the localization of isolated charges.
Therefore, it is not surprising that we have not been able to find a solution to the second-
order Lovelock Lagrangian in the literature, describing isolated sources of gravity, which is
not asymptotically maximally symmetric. That, however, does not mean that such solutions
do not exist.
Our second solution does not impose additional constraints on the global topology of
space-time. Instead, we have shown that in order to resolve this paradox in a manner
consistent with our integrability conditions, the Lagrangian must be renormalized. In this
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case the renormalized second-order Lovelock Lagrangian density is given by
Lˆ′P2 =
1
4
δµνρσαβγδ
(
Bˆαβµν − gˆκλQ
ακ
µ Q
βλ
ν
)
Bγδρσ.
Its extension to higher orders of curvature is straightforward.
We resolved this paradox, but it only served to highlight the new possibilities of non-
metricity. Working within the Palatini formulation, we have shown that non-metricity in the
bulk of space-time can be used to induce new terms in the superpotential. In particular, we
have shown how a parity-violating action with explicit coupling between the curvature and
quadratic non-metricity can induce conserved charges on the boundary, and consequently
that it can influence measurements at the asymptotically maximally symmetric regime. This
effect, however, is not limited to maximal symmetry. In fact, we have given an example of
a Lagrangian density, LˆQa = ε
κλµνgρσQκµρQλνσ, with no dependence at all on the curvature,
which produces a viable superpotential.
This seems to fit with Percacci29, who has already noted that quadratic terms in non-
metricity appear as part of the gravitational Higgs phenomena. While the original Higgs
mechanism47–49 in QFT was used exclusively to generate mass or energy, the present real-
ization allows for a broader class of asymptotic symmetries for a given geometry. In our toy
model, we have calculated a finite contribution to the angular momentum arising from the
coupling of the gravo-magnetic charge to the cosmological scale.
Moreover, we have shown that quadratic non-metricity can be used to complement the
surface term proposed by Obukhov30. In fact, the renormalized Lagrangian density Lˆ′P1
fixed the variation of this term on the boundary, and since Uˆρσi = 0, the introduction of this
surface term to the action allowed us to determine the proper coupling of the non-metricity
terms to LˆP1 .
Exirifard and Sheikh-Jabbari take the standpoint34 that: “the physically allowed theories
of the modified gravity are the ones for which the Palatini and the metric formulations are
(classically) equivalent”. Furthermore, they claim that Lovelock Lagrangians satisfy this
requirement, especially in asymptotically flat space-times, and should thus be considered as
those plausible modifications.
Our results show that even within the first-order formulation, Lovelock Lagrangians must
be treated with considerable care. Our results seem to support their claim in as much as
asymptotic flatness is such that there are no sources at infinity and the background Weyl
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tensor vanishes identically. However, our result appears to indicate that even the extended
Lovelock family, with quadratic curvature terms, can lead us away from purely metric results.
VI. APPENDIX: DETAILED CALCULATIONS
In this short Appendix, we provide several extensions and elucidations to the text.
In section III.B, we proclaimed three boundary conditions in eq. (81). In addition to
the vanishing of non-metricity, we demanded the vanishing of its variation as well. This
condition is not, strictly speaking, a new condition. It is consistent with the requirement
that the connection be reduced to the Christoffel symbol on the boundary. Let us show this
explicitly below. On the one hand, we have:
δQ µνλ = Dλδg
µν + 2gκ(µ δΓ
ν)
κλ. (173)
On the other hand, we require that on the boundary the connection be metric-compatible,
which in turn implies that
δΓρκλ|∂M =
1
2
gρσ (Dκδgλσ +Dλδgκσ −Dσδgκλ) . (174)
Substituting eq. (174) into the second term in the r.h.s. of eq. (173), we find on the boundary
δQ µνλ |∂M = −2g
ρ(µQ
ν)σ
λ δgρσ. (175)
The l.h.s. of eq. (175) vanishes on the boundary, since either Q µνλ |∂M = 0 or δgρσ|∂M = 0.
Z-calculation details: In section III.C we introduced a re-shuffling of the Noether density.
We claimed that the anti-symmetric density Zˆρσ defined in eq. (95), and which appears in
eq. (97), did not contribute to the superpotential in eq. (102). Here is the proof for n = 2
discussed in the main text. On the one hand we find
2gκ(µ δ ν)η
∂Zˆρσ
∂∂λgµν
δΓηκλ = 2ξ
αδ
λ[ρ|ητ
αβγδ B
γ
ǫητg
κµhˆβ|σ]δǫµν δΓ
ν
κλ. (176)
While on the other hand:
−
∂Zˆρσ
∂Γλµν
δΓλµν = −2ξ
αδ
λ[ρ|ητ
αβγδ B
γ
ǫητg
κµhˆβ|σ]δǫµν δΓ
ν
κλ. (177)
So they cancel each other out. It is easy to show that it is valid for all the Lovelock
Lagrangians in general.
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In section IV.A, eq. (105) we defined LˆQii . Its extension to higher orders is straightforward.
For example, below is the third order, LˆQiii:
LˆQiii = gˆρσδ
µνγδεη
κλαβθφB
θφ
εηB
αβ
γδQ
κρ
µ Q
λσ
ν . (178)
The algorithm is clear: each additional curvature tensor is coupled to the previous order
by adding two covariant and two contravariant indices to the generalized Kronecker delta. It
should be noted that in N ≥ 6 dimensions it is possible to form additional parity-preserving
Lagrangians from the non-metricity and the curvature tensors which produce first-order field
equations. For example, such Lagrangians may have combinations of four non-metricity
tensors coupled to a single curvature tensor (in six dimensions), etc.
The symmetry discussed in section IV.B is relevant here. Any additional curvature terms
that are coupled in this manner to LˆQii are essentially background quantities, contributing to
the superpotential on the boundary as a numerical pre-factor. Therefore, the factor 2 that
appears in eq. (117) - which results from the symmetry of the variation of the non-metricity
terms - remains constant. Consequently, for n > 2 a different normalization constant is
required, which depends on the order. For example, for n = 3 the re-normalized density Lˆ′P3
reads
Lˆ′P3 =
1
8
δκλµνρσαβγδǫη
(
Bαβκλ −
3
2
gτχQ
ατ
κ Q
βχ
λ
)
BγδµνB
ǫη
ρσ. (179)
In general, the pre-factor of the non-metricity terms in parenthesis is −n/2. It follows that
the difference between the KL and JS superpotentials for nth ordered Lovelock Lagrangian,
∆Uˆρσn , is constructed on top of the n = 2 structure, which explains the absence of the scalar
curvature in higher orders as well.
In section IV.B we discussed the parity-preserving Lagrangian densities, stating that
the superpotentials they induced on the boundary did not contain any scalar curvature
terms, when expressed in terms of the irreducible background tensors. Below we give the
expressions for UˆρσI and Uˆ
ρσ
II , which correspond to the Lagrangian densities in eqs. (143) and
(144) respectively:
UˆρσI = −
4
3
¯ˆ
ξκ∆λµν
(
g¯µ[ρR
σ]ν
κλ − δ
[ρ
λ R
σ]µν
κ +R
ρσ
κηg¯
ν(µδ
η)
λ
)
, (180)
and
UˆρσII = −
8
3
¯ˆ
ξ[ρ δ σ]κ
(
g¯µ[κ R¯
ν]
λ + δ
[κ
λ R¯
ν]µ
)
∆λµν −
8
3
ξ¯µ ¯ˆgν[ρ R¯σ]λg¯κ(λ∆
κ
ν)µ. (181)
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Substituting the background irreducible tensors from eq. (68) into eqs. (180) and (181) one
finds the scalar curvature terms vanish, as expected.
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